PHILOSOPHICAL TRANSACTIONS. 



XV. — Researches in Physical Astronomy. By J. W. Lubbock, Esq. V.P. and 

Treas. U.S. 

Read May 19, 1831. 

On the Theory of the Moon. 

x HE method pursued by Clairaut in the solution of this important problem 
of Physical Astronomy, consists in the integration of the differential equations 
furnished by the principles of dynamics, upon the hypothesis that in the 
gravitation of the celestial bodies the force varies inversely as the square of 
the distance, and in which the true longitude of the moon is the independent 
variable ; the time is thus obtained in terms of the true longitude, and by the 
reversion of series the longitude is afterwards obtained in terms of the time, 
which is necessary for the purpose of forming astronomical tables. But while 
on the one hand this method possesses the advantage, that the disturbing func- 
tion can be developed with somewhat greater facility in terms of the true lon- 
gitude of the moon than in terms of the mean longitude, yet on the other 
hand, the differential equations in which the true longitude is the independent 
variable are far more complicated than those in which the time is the inde- 
pendent variable. The latter equations are used in the planetary theory ; so 
that the method of Clairaut has the additional inconvenience, that while the 
lunar theory is a particular case of the problem of the three bodies, one system 
of equations is used in this case, and another in the case of the planets. 

The method of Clairaut has been adopted, however, by Mayer, by Laplace, 
and by M. Damoiseau. The last-mentioned author has arranged his results 
with remarkable clearness, so that any part of his processes maybe easily 
verified by any one who does not shrink from this gigantic undertaking ; and 
the immense labour which this method requires, when all sensible quantities 
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are retained, may be seen in his invaluable memoir. Mr. Brice Bronwin has 
recently communicated to the Society a lunar theory, in which the same 
method is adopted. 

Having reflected much upon the difficulties of this problem, I am led to 
believe that the integration of the differential equations in which the time is 
the independent variable, is at least as easy as the method hitherto, I think, 
solely employed, and I now have the honour to submit to the Society a lunar 
theory founded upon this integration, which is in fact merely an extension 
of the equations given in my Researches in Physical Astronomy, already printed, 
by embracing those terms which, in consequence of the magnitude of the 
eccentricity of the moon's orbit, are sensible ; and the suppression of those, 
on the other hand, which are insensible on account of the great distance of the 
sun, the disturbing body. By means of the Table which I have given (Table II.), 
the developments may all be effected at once with the greatest facility. 

The first column contains the indices, which I have employed to distinguish 
the inequalities. The numbers in the second column are the indices affixed 
by M. Damoiseau, in the M6m. sur la Th6or. de la Lune, p. 547. to the inequa- 
lities of longitude. 
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Hence the multiplication of cos 2 £ by cos 2 £ produces the arguments 131 
and 0, similarly the multiplication of cos x by cos 2 1 produces the arguments 
4 and — 3 ; proceeding in this way the following Table was formed, by writing 
down the indices instead of the arguments themselves. 

* Parallactic inequality. 
2 H 2 



234 



MR. LUBBOCK'S RESEARCHES 



Table I. 
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Table II. 

Showing the arguments which, by their combination with the arguments 1, 2, 3, 4, 5, 6, J, 
8, 9, 10, 11, 12, 14, 17, 20, 35, 62, 101, 146, 147, produce the arguments, 12, 3,&c. in the 
left hand column. This Table is formed from the preceding, by making the numbers 
in the left hand column in that Table change places with the rest. A full stop is placed 
after the figure where it does not occupy the same cell as in the preceding Table. 
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• t • • • • 



• • « • • • 



14 



•••••• 



•••••• 



•••••• 



•••••• 



• e • • a • 
•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



116 



116 



•••••• 



• • • • • t 
•••••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



»••••• 



•••••• 



•••••• 

•••••• 



•••••• 

•••••• 



•••••• 



*••••• 



131 
131 



•••••• 



>••••• 



>••••• 



15 



»••••• 



>•»••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



17 



20 



• • • • a • 



•••••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



35 



•••••• 



•••••• 



•••••• 



62 



•••••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•«•••• 



•••••• 



• # • • • • 
•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



116 
116 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••« 



•••••• 



•••••• 



•••••• 



•••••• 

•••••• 



•••••• 



• • • • a • 



•••••• 

•••••• 



•••••• 



••••*• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



>••••• 



•••••• 



•*•••• 



•••••• 



•••••• 



•••••• 



>••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••< 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•*•••• 



•••••• 



•••••• 



•••••• 



»••••• 



•••••• 



•••••■ 



•••••• 



•••••• 



•••«• «••••• 



•••at* •••••< 



■••••• 



19 



!••••• 



>••••• 



• ••••• 



131 



•••••< 



!••••• 



»••«•• 



• ••••• 



• ••••• 



• • • • a • 

•••••• 



•••••• 



••«••• 



• • • • a • 



•••••• 



• • • » • t 



•••••• 



i • • • • • 



116 
116 



101 
3 

4 

6 

7 

9 

10 

12 

13 

15 

16 

18 

19 

63 

• • a • • 

64 
116 



146 



• a • 

• • • 



• • • 
a a • 



• • • 

• • • 



• a • 
a • • 



• • • 

* • • 



• • • 

• • • 



147 I 
- "V 117 

•" }ll8 
... j 

;;; }ii9 
;;; |i20 
;;; }i2i 

"' }l22 

;;; |i23 

•" ll24 

« t a I 

;;; ji25 
;;; I126 

•" ll28 






'.'.'. } 130 
148j 131 

-; }i32 
'.'.'. } 133 

- 1 134 

;;; 1 135 

"• J136 

- }l37 

- Il38 

;;; ji39 

- 1 140 



244 



MR. LUBBOCK'S RESEARCHES 



Table II. (Continued.) 



r 



o 



141 { 
142<[ 
143J 
144 { 



16 
18 
19 



145 { ;;;;;; 

148 { ™ 



150 



{ 



154. 
151 



151 {-150 

152 {-149 



1 



53 { 



149 
150 



I 



154J 

156 1-157 

158 {-155 

159 { ™ 

160{ 
161 j 
162J 
163{ 
164J 



156 



2 


3 


4 


5 


6 


7 


8 


9 


10 


134 




6 


133 








12 








134 


6 
















135 




7 








• • • • • 

150. 
-149 


152. 
-151 


154. 
-153 


156. 
-155 












151 
153 


149 

• • • • • 


-150 


157 
159 












152 
154 


150 


-149 


158 
160 








••••«• 




-146 


147 


-148 














146 


148. 


-147 














147 


-146 
















148 


146 
















147 




-146 














148 




146 


-146 
146 

147 

148 
147 

148 


147 
148 

-146 
146 


-148 

• • • • • 

-147 

-146 
146 


• • • • • 


• 




149 


153 


-152 








-146 


147 


-148 


150 


154 


-151 








146 


148„ 


-147 


151 


-150 


•••■•• 








147 


146 




152 


-149 











147 

148 


146 


•■*•*• 



11 



12 



10 



16 



* • 



• * 



14 



131 



• * 



17 



131 
131 



62 



131 



131 



146 



148 



147 



103 146 



*«•••• 



62 

63 
1 

1 
64 



2 

2 

. •«< 

*3 
3 

4 
4 



5 



6 
6 



7 
7 



8 
8 



9 
9 



147 J 

;;;;;; }i4i 
...... j m 

1 143 

™ }144 

;;;;;; }i45 

~ 6 f }l46 

:::::: } 14 ? 

181 } 148 
-""8 } 14 ^ 

""4 } 150 
J.'" 2 } 151 

;;;;;; }i52 

....! } 153 

!!!!" } 154 

""'j }l56 
-"5 } 15 ? 

;;;;;; }i58 

..... 5 }"» 

••■••• }l60 

-"i }161 

- "io } 162 

;;•;;; }i64 
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Table JI. (Continued.) 



165J ;;; 

166J ;;; 

16 ?{ ::: 

168 { ;;; 

i69{ ;;; 
i7o{ ;;; 

!7i{ ::: 

i7#{ ;;; 

173 { ;;; 
174J ••■ 

175 { ;;; 

176 { ;;; 

177 | ... 

178 { ;;; 

179 { ;;; 

80 { ::: 
81 i :;; 

83 j ;;; 

84 { ;;; 

85 { ::: 
86 { ::: 



2 

153 
154 

• • • as • 

155 
156 

157 

"158 
159 

160 

-156 

-155 

159 

160 
157 

158 



••»••■ 



159 
160 
*i56 
155 



149 
150 

158 
■157 



157 



158 
155 



156 



156 



160 



159 



156 



-155 



••••*• 



••*••* 



••••»• 



149 
150 



6 






•«•••• 



•••*•• 
••#••• 



8 



151 

152 
153 

154 

149 

150 
151 

152 

• • • • • 

"l53 

154 
155 

156 

*157 

"l58 
159 

160 



•••»•• 



•••••• 



••*••• 



•••••• 



•••••• 



•••**• 



••••«• 



••••«< 



•••••• 



•••••• 

•••••• 



• •'• • • • 
•••••• 



•••«•• 



•••••* 
•••#•• 



•••••• 



•••••• 



• • ••• • 



•••••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 



•••••• 

•••••• 



*••«•* 



••*••• 



•••••• 



•••••• 



•••••• 



148 



•*••«• 



•««••• 



•»•••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••*•» 



•••••• 



•••••* 



•••••• 



• • • • • 



•••••• 



•••••• 



#•••«• 



•••••• 

•••••• 



•••*•« 



•••••• 



••*••• 



*••••* 



•••••« 



••*••• 



•••••• 



•«•••• 



••■••• 



•••••• 



10 



•••••• 

• • • • • t 



•••••• 



•••«•• 



•••••• 



•••••• 



•«•••• 



•••••• 



•••••• 



146 
146 



•••••• •••• 



11 



\2 



•••••* 



14 



•••••• 



••*••• 



•*••*• 



•••••• 



•••••• 



•*•••• 
••»••• 



•••••• 

•••••• 



•••••• 



•••••• 



•••••• 






•••*•• 



•••••• 

•••••• 



••«••« 

*••••< 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••• 



••••«• 



•»•••• 



•••••• 



•••••• 



*••••• 



•••••• 



•••••• 



•••••• 



•••••• 



•••••» 



•••••• 



•••••• 

•••••• 



•••«•• 



• •»■>•• 



••••*• 



•••••• 



146 
146 



•••••• 



•••••• 



147 



•••••• 



148 
147 



•••••• 



•••••• 



•••••• 



147 



148 



•••••• 



-146 
146 



•••••• 



•••••• 






#•»«•• 
••*••• 



148 



*••••• 



;•*•••• 



•••••» 



*•••*« 



•••••• 



•••*•• 



•«•••• 
•••*•• 



•••••• 



t » * « * • 



!••••• 



*••••• 



• ••••• 



*•*••• 






• ••••• 



• ••••* 



• •«••• 

• ••••• 



• *»••• 



• ••••• 



• ••••• 



*••••• 



• ••••• 



• ••••• 



• ••••• 

• ••••• 



****** 
• ••••• 



•••••• 



• ••••• 



• •»••• 



• *•••• 



•••••• 



• ••••• 



•••••» 



• ••••• 



• ••••• 



•••••• 



»••••• 



• ••*•• 



• ••••• 



• ••••» 



146 
146 

147 

148 
147 

148 



«•»*•• 



17 



•146 
146 

147 

148 
147 

148 



62 



101 



146 



147 



• • • 

• • • 



• • • 

• • • 



• • • 

• • • 



• • • 

• • • 



• • • 

• • • 






147. 
-146 

146 
148 



10 
10 

• • • 

• • • 

11 
11 

• • • 

• • • 

12 
12 

• • • 

• • • 

13 
13 

• • * 

• * * 

14 
14 

• • • 

• • • 

15 
15 

• • « 

• • • 

16 
16 

• • • 

• • • 

17 
17 

• • • 

• • • 

18 
18 

• • • 

• • • 

19 
19 



..... } 165 

:::::: }«* 
"13 } 168 

In }i69 

:::::: } 170 
..." I 1 ? 1 

}l72 

}173 

j 174 
}l75 

:::::: J 1 ? 6 

14 j 177 

:::::: }«* 

-18 j 1 ? 9 
-ft} 180 



15 
16 
14 



17 } 181 



...... I 



182 



17 



}l83 
j 184 
}185 
}l86 



1 38 


59 


38 


59 


39 { • -i 

4<){ * 


} 39 

}40 


60 { 

61 { 


"" 1 } 60 

1 }6l 
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Table II. may be used in forming the developments required in the method 
employed by MM. Laplace and Damoiseau ; for this purpose it is only ne- 
cessary to make t = X v — \ instead of n t — nf 

X=zc7? — m . . . CYtt — m 
% = C, X, — m l . . . Cjnfi — sr, 

andy = gti— v . . . gnt—v 
The notation throughout is the same as that used Phil. Trans. 1830, p. 328, 
with the exception of the indices of the arguments. 
In the elliptic movement ; 

a 5 r -5--i +5c 2 A + g-e 2 J +5c(l +-g-e<Mcosa?+ lOe^l + j2e 8 )cos2* 

+ l22.e s co§3x + i^c 4 cos4a? 
fl4 r -4 =s ] 4. 3 e 2 4-4 e cos a 4- 7 e 2 cos 2 a? 

a s r- 3 =: 1 + Y e% ( 1 + l"**) + 3c ( 1 + g-c 2 j cos a? + yc^l + -gj- e 2 j cos 2 a? 

*><* 77 

+ — e 3 cos3 a? + ^-e 4 cos 4 a? 

fl*r- 8 =5 1 + "f (l + ^e 2 ) + 2e(l + 4 C ") cos a; + -| e 2 (l + ^6*) cos 2* 

4-Ar e 3cos3a? 4.irVcos4a? 
^4 24 

a,.- 1 =1 +e( 1 --g )cosa:4-e 8 { 1 --3 J cos2^ + g~e 3 cos3#4- yC 4 cos4^ 

L=z 1 +i! -cA -^cosjy-^A - ^ cos2a? - ^ cos3x - £cos4 * 
a 2 \ 8 / 2 \ 3 / 8 <> 



a 2 " + 2 



1 — r_ \ cos # — -- ( 1 — — \ cos 2 a? — - cos 3 x — — cos 4 x 
8/ 2 \ 3/ 4 6 



!!!=! 4-3e 2 (l + -?)- 3c ( 1 + -§-e*)cos* - A e * cos 2 a? 4-^-cos3#4- — cos 4* 



1- = 1 4. 5 e 2 — 4 c cos a? + e 2 cos 2 a? 
a* 



r 



4- fj cos 2 £ 

4 e r 2 cos x 

4- er 3 cos(2£ — a?) 

4- er 4 cos (2t + x) 

4- e / r 3 cos z 

4- e, r 6 cos (2 t — *) 4- &c. &c, 



IN PHYSICAL ASTRONOMY. 



247 



+ X x cos 2 t 

-f eA 2 cos# 

■f e A 3 cos (2 £ — a?) 

-h c A 4 cos (2 1 + a?) . 

4- e, A 3 cos « &c. &c. 

The quantities X correspond to the quantities b in M, Damoiseau's notation 

-f ys 147 sin (2t — y) 

+ ys i48 sin(2* + y) 

4- eys 14y sin (x — y) &c. &c. 

y = tan * 

r s r t cos (A —A,) __ ______ j 



«= 



w*i 



pft 



m,1 — 



m t < 



+ 2r/ 



•*K§tw» 



A 



2r/ 



| r 2 __ 2 r r / cos (A x — A,) + r, 2 }-£ 

A { 2r ^cosO^—A,) — ^ __ 15 {2r ^cos^— A f ) — r ft } a 

~8~ " r,* 48 r, 7 

. |. ^f cos (A? - A^) 2 + I ^ cos (A - \) - A ^cos (A % - A,)* 1 



m, 



_±-J^(l+3cos (2^-2^-2,4 

^ 4^ 3 L J 



87 



lL 1 3 (1 - 4 s 2 ) cos (A % - A,) + 5 cos (3 A % - 3 A,) j 
r r,«J (*- X,) = r r, {cos 2 ^ (A - X,) + rin^ (A + A^ 2 v) } 



= # a a, cos 2 - 

2 



H( 



e 2 e 4 



e^\ /, __ e/J __ e/\ cos , __ 3e /, __ e, 2 \ cos , 
64/ V " 2 64/ sin 2\ 2 / sin ^ 



t — x) 



-j— — I J, 

e s cos 



- 4 ') (' - V-)s « 



+ a ) + ie»(l -^)( 1 - v ' 



] 25 4 cos 



+ VsTn( i + 3a: >+ii e4 srn( i + 4a: ) + T 



( 1 + t)( ! -t)£ <'-**> 



^ 24 sm v ' 



6 4 cos 
128 e sin 

3 



(t - 4 x) - A e 7 1 - ^ c . os (* + *) 
v y 2 ' \ 2 / sm v / 



, 9 cos , . . v 

^ 4 ' sm v y 4 



sm 
cos 



Aee (l - A e*\ C ? S (< + a? + z) 

4 ' \ 4 /sm v T ; 



Ae 2 ^ . 08 (* + 2x + *) - ^ C ? S (t + 3x + z) - A e * ei c . os (t - 2a; + *) 
I (j 'sin v r ' 2 sin v ^ ^ ' ]6 'sin v ^ ; 



MDCCCXXXI, 



* See Phil Trans. 1830, p. 343, 

2 K 
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16 sin v J 2 \ 4 / \ 2 / sin K > 



■••iO-I^Sc— «> 



+ £$fl -4-eA /l _2 e A c ? s (* + a; _ z ) 4--e 2 e, C ? S (* + 2;K-z) 
4 \ 4 / \ 4 ' / sm v ^ ' ' 15 'sin v ' ' 



+ ^S(' + 3«-)+^S(«-^-)+^S('-3.-«) 



+ | e <* 



(I _ «.) A _ ^V? s (« _ 2 Z ) _ 9 ee , c ? s (f _ x _ 2«) 
' \ 2 /sin v 7 i6 / sin v ' 



cos 



+ n"''S<'+— 2 -> +6l e2e ' 2 sin (« + 8— 8-) 



+^o- a «- 2 ">+£2<'- 8 «>- e -fs<'-*- s -> 



+ e -£2( t + *-s*) + m e >™ (t - 4si) 



( } + f)( l -1) 



8 V 3 



c . os (* + 2s)-Aee/ C . OS (*-tf+2s) 

sin v ' ' 16 ' sin v r y 



+ ^»«(« + a . + 2«) +^^e/ c . os (^ + 2 a; +2 S ) +£^! c . os 
16 sin v 64 ' sin v ^ r y 64 sm 



.° s (*-2* + 2s) 



+^src+3-)-WS('-«+3-)+^£c+-+3-) 



24 sm 



+ 



128 



<°>~Ms) } 



+ «a,.ta4.{(l-^ 



2 

3 o cos 



c 2 cos 



+ f*^(t-2*-*y) + ^(* + **-2y)-±e l ™(t + z-2 9 ) 



3 

2 _l sin 



+ T- e e / * i n S ( * + x + * "" 2 2/ ) - J e e i s fn ( ' - * + * - 2 y ) 



sm 



+ ^l S (^-^-22/)-^^ / ^ s (i + x-,-2 2 ,)+li^? s (<_x_ s -2 2 ,) 



2 sm 



sin 



4 sm 



r Vi r/ 2 cos (A'—A/)' 



a 2 a, 2 cos 4 ~~ 
/ 2 



+ 



{ 



_L 4- -i 4- 1 

2 8 8 



}(e« + e,*) + {j 



2 



8 



8 8 + 32 32 



8 + 32 + 32 



i 2 } e2e - 



2 +(l-4 + ^ + ~}( e 4 +v) 



164 16 ^ 128 



Co] 
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+ {4+{ _ 4 _3 }( , + , )+{|+ 3 + 3 +f6+ , }eV 



[1] 



^ I 2 2 T 14 8 16 T 16/ 



.2 



X ^ 2 2 88 8 T 8 J ' 



y e cos a; 



[2] [5]* 



"2 + lTi + l6/ e2+ 1y + -^ + 



8 



■~-XeAecos(2t-n:) 

[3] [7] 



+ 4 J_ + 

~" 2 T 



{4-SWH 



_3_ 3^ 

2 ' " 8 8 



} e * 



e cos (2 1 -j- #) 
W [6] 






i 



8 + 8 



,4 






■wilimi 



+ i F + 8 



L 16 4* 



{- 

8 T I 48 48 J 



-j- -__ -|- __ S g 

8 16 16 6 



}} 



a 



8 8 4 + 32 t 32 16 32 + 32 



16 }^ 2 Ve 2 cos2o; 

[8] [17] 



+ 



8 



"T" 



{ 



{- 



1,3, 
18 + T + 



1 

8 


3 

32 


3 
16 


9 
" 16 


3 

8 " 


9 
'32 



27 _._3_1 < 

16 32/ 6 ' 

2 J 



16 32J ' 



►e 2 cos (2 2 — 2x) 
[9] [19] 



"*p 



3 3. 9.1,/ 15 ,3 9 

4 4^4^4^116 ^8 8 



e 2 cos(2tf + 2a;) 
[10] [18] 

3 9 



32 32 16 



+ 3^ + !} (c * + C 



/) f ee,cos(o; + z) 
[11] 



* The coefficient of argument 5 being the same, e and e i changing places, that coefficient is not 
written down, in order to avoid useless repetition. 

2 k2 
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e 2 



it 4-i£ 

8 16 



[.4 4 T 18 T 8 T 32 32/ 

.l/ 15 a. 15 j.27 . 271 „] 

+ 116 + 16 + 32 + 32J ' |-«,cob (2 «-*.-«) 

[12] [13] 

+ JA + 1. A_jL + /_ 9.-1 + 1 + 
[4 4 4 4 T I 8 16 32 

[14] 

+ ji.+i.+ /-i._9_l_ A\ («.+ «.) lee i coB(2*-x+«) 
T l4 T 4 T l 8 8 32 32J VT ' ; j 

[15] 

+ J 2_ + J_ + / _ A _ iL _ A _ JL1 ( e , + e, 2 ) Icos (2 1 + x - z) 
T [4 T 4 x I 16 32 16 32J V ' T ' ; J v ; 

[16] 

+ U + 2 L 4-^ + n} eCOS3a 

[20] [35] 

+ {2l-^} e3c0S ( 2< - 3a:) 

[21] [37] 

+ {1 + A} e3cos(2<+3a:) 

[22] [36] 

[23] [29] 
+ [~+ ~ + ^]e*e lC o S (2t-2x-z) 

[24] [31] 

[25] [30] 

+ /_A+Jt_- 3 _+9- — JL + i- 1 e 2 c, cos (2 a — s) 
T l 16 T 16 8 8 16 T 16J ' v ' 

[26] [32] 
[27] [33] 

+ {i6 + i + ^} e2e < cos ( 2 < + 2a: -*) 

[28] [34] 
[38] [59] 
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JiO I. 



«pja» < 



L 12 



u. > e 4 cos (2 t — 4x) 

28^ 128 16 J ^ ; 

[39] [61] 

+ (?L + JH+ I}e*cos(2*+4*) 
[128 384 6 J 

[40] [60] 

4./---jL4.JL + ^ + J„— A 4. JL — A — A \ e 3 cos (3 « 4- ^ 
+ l 2^48^32^32 32^6 32 16 / ecos ^^i-^ 

[41] [53] 

148 32 32 48 J i x 

[42] [55] 

[43] [54] 

^1 16 T 6 32 32^32 2 32 48 J ' v 

[44] [56] 

+ J — A + A + J? LX e 3 e t cos (2 1 — 3 x + z) 

^ I 16 32 T 32 16 J ' v ; 



[45] [57] 






2 j- — 4- __ 4. __ s g« e cos (2 £ 4- 3 a; — ■ z) 
I 6 T 32 ^ 32 T 6 J ' V ; 



"T* 1 7>i "•* ^*~T *>/-» "T^T 1 "^T"7 "T" 



3, JL__ JL_ JL , j> 

64 64 ~" 32 32 64 ' 64 32 



[46] [58] 

1 3 4. A - A\ e*c *co» (2 a: + 2 *) 

^ 16 32 J ' v -r ; 



^iA + A + ^A 

T s 32 ^ 64 ^ 32 ^ 64 



{ 



+ A j e^e^cos (2 * - 2 » + 2 *) 

[48] 

(A 4. A 4- JL 4- A 4- ??]>e2e2cos(2^ + 2aj + 22;) 
132 ^ 64 ^ 32 ^ 64 ^ 32 J ' V x 

[49] 
{A4-A. 



[47] 



T 



A_A4.A4.A-A4. A-A\e»e*cos(2*-2*) 
32 32 ^ 64 T 64 32 16 32 J ' ; 

[50] 






4 a* a/ 4 sin* --cos 2 -^ 



4. /§! 4. A 4. A 4. A 4. A\e* € «cos(2* — 2« 4 2 2) 
^ 132 T 64 32 T 64 T 32 J ' v 

[51] 

132 

T52] 

[62] 



+ ^ + ^+Jt + Jh} « ft «i 8 cos (2 1 4- 2 * - 2 *) 



64 ' 32 64 



+ 



l 4* 



{- 



1 4A4. 
4 



U-.+ /_1- 3 - 3 W 



•cos (2 < — 2^) 
[63] 
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+ {-•§—§} ecos (* - 2 ^ + {j + 1} ecos ^ + 2 

[65] [66] 

+ {l ~^}ecos{2t-x-2y) 

[67] 

+ {—§-+-i-}ecos(2t + *-2jf) + {-|+i-} '«,«»(* -2 

[69] [71] 

+ {g---§-}«,cos(z + 2y) + |i. + ±}e /C os(2*-*-2y) 

[72] [73] 

+ {--|--|}e / cos(2< + 2 -22/)+ {1 + ± + i-} e^cos (2* - 2 ) 

[75] [77] 

[78] 

+ /|._ |. + ^.}«»coB.(2«-2*-2y)+{I.— l+|-}e*co8(2* + 2*-2; 

[79] [81] 

+ {-?-+ -J---I" --|-}ee,cos(* + «-2y) 

[83] 

L 4 4 4 4 J 

[84] 

+ {l-T + T-T} ee ' cos(24 - i "- 2 - 22 ' ) 

[85] 

+ (4-4- + ---4-l ee / cos ( 2< +*+ 2 + 2 2') 

14 4 4 4 J 

[87] 

+ {_iL-.JL+i-+ i-}ee,coe(«-*-2.y) 

[89] 

+ {-T-T + T + T} ee ' cos(w "" + 22 ' ) 

[90] 
,+ {_ JL + ^-JL + l.\ee l cos(2t-x + s-2y 

[91] 

+ (-4 ■+ ~ - ?r + ±-} ee, cos(2t + x - z -2y 
L 4 4 4 4 J 

[93] 
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[95] [96] 

+ j* + Aj e^cos(2*-2z~2^) + |^- + -i-}^ 2 cos(2^ + 2s — 2y) 

[97] [99] 

-f a 2 a, 9 sin 4 ~ < — + — cos (2^ — 2^) i 

[63] 

r 2 r 2 cos(A' — A) 2 , 



= a 2 a/ 2 cos 4 — " 



+ ^ (e* + e*) + ^Ve, 2 1 cos 2 * + j — 1 + S — 4- ft* > ecos » 






32 



{- 



8 



— «4- — g* -*- _ — g 
2 T 16 ^4 



8 



.,•} 



[i] 






■f \ ecos(2t—x) + j-A 
[3] [7] 



— — e ! 
16 



[2] [5] 

M [6] 



T* 



{ 



+ i 



{ 



2. + ie»-le ( * ^e 4 cos2x 

[8] [17] 

- ^ «,» } e*cos (2 1 - 2x) + 11 

[9] [19] 

- _ ( e 2 + e^) I e e, cos (a + z) 

[H] 



5^ 



[10] [18] 



+ J _|. + i|e 2 + 51 C| » \ ee , cos (2 * - £ - 2) 

[12] [13] 

, / 1 (e* 4- ft 2 ) 1 / x 

+ < 1 — ^ — X l J v e e / cos (a: — 2) 

[14] 

+ {t " if (e3 + e ' 3) } ee > *** ^ 2 * ~ * + ^ 

[15] 



2 $ + x — 2) — — cos 3 x 



[16 



[20] [35] 



7e s .. ,„, „ .. . 25 e 3 . ,„, , „ , . e*e, 



_ ^ cos (2 < — 3 ») + ^— cos (2t + 3x) + —-± cos (2 a; + 2) 
48 '48 4 



[21] [37] 



[22] [36] 



[23] [29] 
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+ — e**,cos(2* — 2 a — *) - fr«* e { cos (2 t + 2x + z) + Lii cos (2* - «) 



[24] [31] 



[25] [30] 



[26] [32] 



15 



e 2 e, 



- ^: e* e, cos (2 « - 2 a: + z) +t_^cos(2*+ 2x - z) 

[27] [33] [28] [34] 

- ^cos4a;-^cos(2f-4a;) + j-e*cos (2t + 4x) + e l±L cos (3 x + z) 

[38] [59] [39] [61] [40] [60] * [41] [53] 

_ JLe' e, cos (2 * - 3 a: - «) - ^e^cos ( 2t + 3* + *) 

48 lo 



[42] [55] 



[43] [54] 



-f ?-f* cos (3 a: — *) + — e'e.cos (2 t — 3* + *) + ~ e 3 e, cos (2* + 3x - z) 
8 16 48 

[45] [57] 



[44] [56-] 



[46] [58] 



e 2 e, __ /rt .. . rt ..x . 5 



+ i-Ji cos (2 x -J- 2 *) -j--^-e 8 e, 8 cos (2* -2* -2*) 



[47] 



[48] 



e 9 e,* 



+ — e*fi,cos(2t + 2* + 2«) + ~^- cos (2 x - 2 2) 

[49] [50] 



25 



e 8 e 8 



+ ^e 8 e / 8 cos(2^-2a: + 2 z) + ^cos(2* + 2a; 

8 a 



-2a) 



[51] 



[52] 



+ ce- a. 5 cos 8 — sin 2 -i-- 
' 2 2 



|l_|_^ + i.^|cos2 2/ + |l +_|«._^.e l »}coe(2*-«y) 

[62] • [63] 

— 3 ecos (a — 2 y) + ecos (* + 2 y) — e cos (2 * — x — 2y) 

[65] [66] [67] 

— e cos (2 1 + x — 2 y) — e ; cos (a — 2 y) — e ( cos (z + 2y) 

[69] [71] [721 

+ e,cos(2< — z— 2y) — 3e,cos (2 t + z — 2y) 
[73] [75] 

+ A e*cos (2a? — 2y) + e 2 cos C2a + 2y) 



im 



[78] 



- ^-cos(2«-2a;-2y) - -=-cbs(2i + 2x-2y) 



[79] 



[81] 
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+ 8 e e i cos (x + z — 2 y) — e e t cos (x + x + 2 y) 

[83] [84] 

— e^cos^i — # — z — 1y) + 3ee,cos(2 t + x + s— 2 y) 

[83] [87] 

4- 3 e e i cos (a? — z — 2 2/) — ee t cos (x — 3 + 2 2/) 

[89] [90] 

+ 3 e e ( cos (2 * — x + z — 2 y) — e e t cos (2 1 + x — z — 2 y) 

;91] [93] 



4-e j 3 cos(2z — 2») - 4- e / 2 cos (2 z + 2 y) 

8 8 



[95] 



[96] 



+ £|l C os(2<-22-22/) + ~e^coa(2t + 2z-2y) ^ 



m 



[99] 



+ a»a J *8in*l.{I + -Icos (2« - 2y)} 






2 



1 , 3 



9 



15 



+ " ^ + J^ e/* + * e*e/> + — e,« -- e 4 1 



2 ' 4 " ' 4 ' ' 8 ~* ' 16^ 



{ 



— 4» — . e 
8 2 



f > cos a? 

[2] 



{ 



[S] 



*} 



a 2 



{ 



1 



! J 



'— > cos 2 a; 

3 2 

[8] 



Aee, J 1 - ^ + i. e/> J cos (« + z) 

C'l] 



-^{l-^+^e^cosix-z) 

[14] 

Q f 7 Si e 3 3 

~f JL e/ 2 < 1 + — • e , 2 + — e 2 > cos 2 % — -—-cos 3 a? — — e 2 e, cos (2x+ z) 
4 I 9 ' 2 J 8 8 



[17] [20] 



[23] 



3 



9 



e 9 e, cos (2 a — 2) — -£- ee/ 3 cos (a? + 2s) — r ee, 3 cos (ac — 2s) 
8 4 



9 

4 



[26] 



[29] 



[32] 



53 
16 



+ ™efco*3z 

[35] 



cos 



3e 3 d 



MDCCCXXXI. 



_ ... 4 x — t!_-icos (3 as + z) 
12 16 v 

[38] [41] 
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$- e 3 e, cos (3 x - z) — — e^cos (2x + 2z) - JL^e cos (2a: — 2» 
16 16 16 



[44] 



[47] 



[50] 



— - e e? cos (a; + 3 z) — — e e, 3 cos (# — 3 2) + J- e, 4 cos 4 z 
16 Jo ' 16 



[53] 



[36] 



[59] 



_* 



Terms in R multiplied by — 

{l-+T (e2 + e ' 9)+ !" e2e ' 2 } {l+H 2 + ^~V} 

[0] 



2 2 ^ 3 



+{- +¥--!•} {**+'#*} 



4 6 ' 



+ 



{4~4< e2+e < 2)+ ! (e4+e <' )+ ¥ « 8 v}{i+6«i 9 +^«/ 






+ 



u- 



19 5 ^ 3 , 13^ , 15 



e 2 — — + — er -\ e° 



16 ' 4 2 16 



} ih- 



+ T6 e ' 



5 ' 25 \e< <tcQ$2t 



I 2 4 






[1] 



+ 



{ - 1 + j - 4 «,• - 5 tf + •§-«,* + 4 e - 2 } ecosa; 



{ 



3 . 13 , 15 .„ 15. „ 15. „ , 45 



*,*} 



+ < ~f + T6 e%+ 'i e *~ f ^ ~ T 6 ' 2 + f ^ / eC ° S (2 1 ~ X) 

[3] 

+ {|-r6 e2 -T e ' 2 + T e ' a + T e ' a -T e ' 2 } ecos( ^ + a:) 

[4] 



a 



+ 



15 _ fl . 15 _, , 135 



1+ T T ' + 2 + 4 + 4 6 ' + 16 ' 8' 



{- 



+ (1-19^-4^+5 2+ 5 5__25 g 

^ I 2 16' 4 2'4 /T 4 8 



»,' } «, 



5 e; z > e, cos z 



p: 



2 _ ?j> e 2 
8 ' 



135 „ 15 



»JL» _ /> 



2 



32--/ y -V> J e, cos (2 « - 2) 

[6] 



* This multiplication of r a r ( 3 cos (X N — A,) s by r, 5 may be effected at once by means of Table II. 
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3 +l| ei 3 +Mc 2 -^^ + 



2 16 



2 



1 25 
4 3 



>2 



25 
8 



+ < -JL + 



>2 



4 ' 12 8 ' 
4 8 



e,a + _. ^a ^I-e^ c a C os 2 a? 

[8] 



8 



8 



•} 



; ' 2 + ^ e ? +Y e " + T e ' 2 } e i cos ( 2i + *) 



■s + ^e* + ^c / «-^c < *"le*co8(2«-2a;) 
4 o o J 

[9] 

e, e j e 2 cos (2 * + 2 a) 

[10] 



^2 4 4 ' ^ 2 ' ^ 4 ' 4 



2 



1 - ^ ^+5e / 2 -~-^- + 



5 . 5e 2 15 



2 



8 8 

13 -• ■ 5 ? 
6 



16 



135 
16 



>f + 5_|l + 5 e, 2 j ee y cos (a + *) 

[11] 



+ I 2 + 16 e + 1 



-^ 



"2 ' T ' T + 32 + 8 ' 



405 



95 



32 8 



[12] 

, a + ^ e/ a + _|. ^ 1 e e { cos (2 * + x + «) 

[13] 



a _ 1^ e » + A 
2 ' T 4 



J5 8 25 8 , 135 a 



32 



+ <1- 



>2 *> 2 



8 8 



^"+ 5c i 8 + -8 



5 e i! - A + A e 2 - ~ e 2 - l^e 2 + 5 ef\ ee k cos (x - s) 
2 16 4 ' 16 ' ' J ' v 7 



+ 1'2 ~T6 e ~~W ei + -2 C < T + 32 e + 8 e < 



15 , 65. Q , 75, 405 

32 



[14] 



2 



7S e*- l ± 
F ' 2 *' J 



e, s — - ^e, 2 > e e t cos (2 < — x + a) 



D5] 



1 19 , 19.o, 5 ^ , 5 „ 91 5 95^ 25^^135,^ 15^| e ^ cos(2 ^ + ^ 



+ 1"2"16 T6 Ci + 2" Ci + T i + 4 32* 8 "^ 32 ' 



■*) 



[16] 






I ■ e 
4 



2 



_ _1_ j- li — A pa — A 

' 12 8 4 



e a_A + Ae/a-i^c*-— e*- A e a + 5 
*< T + 16 ' 4 16 ' 16 ' T 



-fiA 2 + ! A a+ 155 2 
^2 2 ' T 12 ' 



1 



!i**e«\e«cos2« 
16 ' J i 

[17] 



4- i _l~ — — - e 2 e 2 + -— e, 2 + 

^ 1 2 4' 4 T 2 ' 



125 



5 95 



/> 2 4_ Jl_ — 



96 '' * 4 32 



e 2 ~ 



?5 e 2 + ] 3 ^e 2 + 4 
8 32 ' 2 



— pa __ — e 2 
4 4 ' 



^ 24 



i*-W C ' 9 }* /ftC0S(2 * 

[18] 



-2s) 



J L J 
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, f 5 25 9 , 25 2 15 ,65- , 75 - 405 „ 35 8 
+ I 4 8 + 4 ' 4 ^ 32 ' ^ 8 32 J 96 ' T 



5 25 rt . 25 n 15 , 65 _ . 75 _ 405 _ a 35 ^ , 5_. _25 8 _ 25 s 

2^4 4 ' 



+ ^^ + ^^ 8 }^cos(2* + 2») 

[19] 



e 3 



_ cos3a-~e 3 cos(2*-3a) + ~e 3 cos (2 * + 3 a) + ( ~ — -§4 c s ^cos (2a + s) 
8 48 48 t 4 o J 

[20] [21] [22] [23] 

4. ilL + ?£\ e^e^o* (2 t - 2 x - z) - {-4+ 4"} e2e / C0s ( 2 t + 2x + s ) 

[24] [25] 

+ / i. Aj e a e/ cos (2 a; - a) + j - ~ + ?J! j e 2 e,cos (2f -2a + *) 

[26] [27] 

+ I 1- — V e*e,cos(2 tf + 2x — z) + < — -f -— — 5 > e e ; 2 cos (x + 2 ») 

[28] [29] 

+ {-|-^-^ 5 }^cos(2 i -,-2 S ) 

[30] 

+ J J! 11 + A\ e e, 3 cos (2 * 4- a; + 2 3) + / 2 + A — 5 1 ee, 2 cos (a: - 2 s) 

I 4 4 2 J 14 2 J 

[31] [32] 

+ |_l£+^>-^jce,«cos(2*-a! + 2a) + |i-+A+ |. jee / «cos(2< + *-2a) 

[33] [34] 

+ {_l„|._5 + ^} e 3 COS 3, + {|| + | + 4 + f }.,.«. (2*- 3.) 

[35] [36] 

+ / _ L+ 2 A - l A + !ii\ e. 3 cos (2 4 + 3 z) 
I 48 8 2 32 J ' v ' 

[37] 

- —cos 4x - ilcos (2« — 4a) + ^.e 4 cos <2t+4x) 
12 32 '16 

[38] [39] [40] 

+ {T~A} e3e ' C0S(3a: + s)+ {~i~i} e3e ' cos(2< ~ 3a; " s) 

[41] [42] 

+ {-Y| + -^}e 3 e / o»(2*-3*-a) + |-l-l|e»e J cos(3a-a) 

[43] [44] 
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+ {y^ - H}e 3 e,cos (2 « - 3a: + s) 

[45] 

+ l~ + ^\e3e lC os(2t + 3x-z)+ {i+ 1- i. }«*«,»«» (2* + 2a) 



[46] 



[47] 



+ 



{4 +?+?}"■ 



*cos(2t-2x-2z) + |A— ^+ A|e 9 e i 2 cos(2« + 2« + 2«) 



[48] 



f 1 , 5 5 I o o /o o N, f25 75 . 25 
^ l. _r_ — . _ V e Q e a cos (2 a; — 2 s) + < — — - + 



18 8 



[50] 



[49] 

> e 2 e/ 2 cos (2 2 — 2x + 2z) 

[51] 
145 



+ {^ + T + 4} e9e ' 9cos ^ 

[52] [53] 

25 15 15 4351 



+ 



> e e? cos (2 £ — # — 3 s) 
16 4 2 32 J ' v ; 

[54] 



4- I - L + ?£ - 15 + li5 \ e e s cos (2 * + a + 3 z) 
^ L 48 8 2 32 J ' v ^ ^ ' 

[55] 

7 75 , 45 4351 

_ — — -*- — - — >et, 

6 8 2 32 J . * 
[56] 



/-1+- + 5 - i 4 ^ I e e? cos (* - 3 z) + Il-L^.+^ — ^.\ee l 3 coa(2t-x + 3z) 



[57] 



, /25 , 5 5_1451 f2 , f_ 1 _5 _ 5 _ 145 7451 4 

+ l48 + 4 + "2 ^) ee / cos ^* + ^ <**) i 12 .16 4 16" + "96 J ' 



[58] 



[59] 



. / 9 . 125 , 5 , 145 , 745] 



+ i^ ^e, 4 cos(2i-4z) 
6 96 2 32 192J ' v ; 

[60] 



f 1 35 , 25 435 . 7451 „. „ ,„ . . „ * 

4- I — — H + - -zz > e, cos (2 t + 4 z) 

^ \ 32 96 4 32 192J ' v ' 

[61] 



sin 2 -~- cos 2 



_5 , , 3 
2 



= < l~~e* + Y e ? 



Terms in J? multiplied by - 2 2 

+ 5e, 2 ~ |e / 2 ~Ae / 2 jcos2^ 

[62] 



a 



« a 
2" a^ 



|l+ J^-|-e,» + 5e,»+|e,»-.^e,«}co8(2t-2y) 

[63] 



3 e cos (a; — 2y) + ecos(a: + 2y) — ecos(2f — x — 2y) — ecos(2i + x — 2y) 



[65] 



[66] 



[67] 



[69] 



260 MR. LUBBOCK'S RESEARCHES 

+ [- 1 +-|"}e/C08(*-2y)+ {- 1 +-|-}e,co» (* + 2y) + |l + | } e,cos (2 *-*- 2y) 

[71] [72] [73] 

+ |_3 + A j e/ cos(2f + 3 — 2y) + A e 3 cos (2* — 2y) + e 2 cos(2*+ 2y) 

[75] [77] [78] 

— — cos (2 t — 2 a; — 2 y) — -^ cos (2 < + 2 a; — 2 y) 

[791 [81] 

+ i 3 -- fee, cos (a + 2 — 2^) + < — 1 +— >ee y cos (a + z + 2^) 

[83] [84] 

-)- i _ 1 — — j. e e, cos (2 2 — cc — z — 2y) 

[85] 

+ J3--|.\ee / cos(2* + * + z--2j0 + | 3-Hj ee ,cos (2t-z - 2y 

[87] [89] 

-j- J — l 4. JL V e ^ cos (x — 2 + 2 y) + < 3 — -~- > e e t cos (2 £ — # + z — 2y) 

[90] [91] 

_ I _-||ee / cos(2« + a;-«-2^) + j — -| - ~ + 5 j e,-cos (2s - 2y 

[93] [95] 

+ |-|-| + 5|^cos(2 S + 2y)+ ||. + |.+5}e / »O08(2<-2«-2y) 

[96] [97] 

+ |1£_ 1 : £ + 5| e , 2 cos (2 < + 2 z - 2«/) 

[99] 



3 i a9 

Terms in U multiplied by - -=- cos A 



2 2«i 



I • 3 

2 



[1] 

+ { 1 +|-|^} e cos^+{-|->i|e 3 +^^} e cos(2i-x) 

[2] [3] 

+ {l"""il e "~4" e/2 } ecos(2i+a;)+ {4 + T e2 + S e ' 2 } e ' cos2 

[4] [5] 
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7__35 

4 8 



123 
32 



e 2 _ ™ e ^2 I ^ CQS (2 ^ — s) 



T 



I 4 



4 8 



[6] 

■ i a je i co8(2*+ *) + { 

[7] 



t + To"""q e, 2 > e 2 cos 2 3 
4 12 o J 

[8] 



+ {!-^V}e*cos(2*-2#) + < 

[9] 



f 1 5 



g2 ^_ g 2 



> e 2 cos (2 £ + 2 #) 
[10] 



T 



{ — | + 13* ~ IB e ' 2 } ee ' cos ( * + s)+ { 

[11] 



21 j. 91 j.369, 
4 ^32 ^32 



y 2 > e e t cos (2 t — # — s) 

[12] 



(-4 



r1 4 32 ^3 



£- V e e, cos (2 £ + a? + a) + < 

[13] 



+ ^e*~ 27 



3,3 

_ — -f- — 

2 16 



27 1 

— e/aje^cos^-*) 

[14] 



+ 



{ 



4 32 ~ 32 



■A 



j, 3 > e e, cos (2 



[15] 



) + { 



7^ _ 133 .„ 123 
4 32 



32 



-/ 2 ? 6 6j cos (2 < -f- a? — z) 

[16] 



9» 27 
4 8 



"T" i ■ 7" "T" TT" 



+ ?ie / 4e/»cos2s + {J£ _ §j? e 8 - iy| e/Wcos (2*-2«)*-— | cos3# 



[17] 



[18] 



[20 



— e 3 cos(2< -3» + ?fe 3 cos(2i + 3a;) --|e*e i cos(2aj + «) 

48 



48 x " " """' 8 

[21] [22] 



[23] 



+ ~ e 2 e, cos (2 t - 2 x - z) - til cos (2 * + 2 as + z) - 4 e 2 e, cos (2 ar - z) 
8 4 '8 



[24] 



[25] 



[26] 



— -^e, cos (2 1 — 2 x + z) + -j e 2 e, cos (2 * + 2 a? — s) 

[27] [28] 

_ JL e e, 2 cos (# + 2s)— -^- ec J 2 cos(2« — a — 2z) 



[29] 



[30] 



9 



17 



_ 1. ee 2 cos (* — 2 a) + -f-ee. 2 cos (2 * + a? — 2 s) 

4, ' 4 



[32] 



[34] 



+ ^e / 3cos32 + ^c / 3 cos(2i-3«)+^|tcos(2i + 3s) 



e 3 e, 
96 



>4 



cos 4 a; -cos (2 i — 4a;) 

12 32 v ' 



[35] 



[36] 



[37] 



[38] 



[39] 



* It is remarkable that the coefficient of argument 19 equals zero. 
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+ ~e 4 cos (2 t + 4%) — % e 3 e i cos (3 x + z) 
16 lb 

[40] [41] 

- —e> e, cos (2 1 + 3 x - z) - ?|e 3 e, cos (2 4 - 3 a; - s) -^ e^e, cos (3 x - z) 

[42] [43] [44] 

J r l~e*e i QQ&(2t~?>x + z) + ~ e 3 <?,cos (2 t -f 3 a? - z) - 1 e 2 e, 2 cos (2a? + 2*) 
96 96 lo 

[45] [46] [47] 

+ ?ie 2 e / 2 cos(2^-2a?-2s) - ®~ e 2 e/ 2 cos (2 a? - 2 s) + ^e 2 e a cos (2t + 2 a; - 2z] 
8 16 4 

[48] [50] [52] 

-^ee3 COS ( ;B + 3 S )_845 ce 3cos(2i *-3s) + 1£l cos (2* + a - 3z) 
16 ' ' 32 ' v '96 

[53] [54] [55] 

-^ee^cos(«-3s ! )-^|- 3 cos(2i-a! + 3s)-g|ee / 3cos(2i + a;-3s) 

[56] [57] [58] 

_ 2*3 e/ 4 C0S 4 3 + ^ 3 e/cos (2* - 4s) -^e/cos (2 t + 4s) 
[59] [60] [61] 



Terms in i? multiplied by - ~ ^ ~ «» 9 y ~ 3 or " f sin3 ' 



a 



= /l _i. e » + Ae i »)cos2y+ {l + -|e 2 - |- e,4cos(2t- 2y) - 3 e cob (a - 2 y) 

1 2 2 J [62] L [63] [65] 

+ ecos(*+2y)-ccos(2f-*-2y)-ccos(2« + a;-2y)+ ^ ^ cos (s - 2 ?/) +_ e/ cos(s + 2 
[66] [67] [69] [71] [72] 

+ 1 e, cos (2 1 - z - 2y)- |-cos (2 t + z - 2 y) + |-e 2 cos (2*- 2y) + e 2 cos (2x + 2y) 

2 [73] [75] \jn C78] 



- - cos (2 * - 2 * - 2 y) - 1- cos (2 i + 2 « - 2 y) - - e e, cos (x + z - 2 y) 

[79] - [81] [83] 

+ l ee/ cos (* + z + 2y) - L ee,cos (2 4 - x - z - 2 y) +^.'cos (2t + x + z-2y) 

[84] [85] [87] 
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— . —ee t cos (x — # — 2y) + -~- e e, cos (# — s ~f 2y) + tli cos (2 £ — # + z — 2^) 

[89] [90] [91] 

-|cc J cos(2* + aj-.*-2y)+^c i »cos(2*-2y) + ~ e^cos (2z + 2y) 

[93] [95] [96] 

+ ^e^cos (2 < - 2 2 - 2y) - ^- cos (2 * + 2z - 2y) 

im [99] 

[0] 
3 ft 5 . 5 . , 23 , , 25 „ „ , 13 .1 t t a? 

' [1] 

, 1 f, e 2 3 ,, 3 .lo« 
+ Tl 8T~2" ' " 2" 7 /V 

[2] 



c cos a; 



+ 4I 1 -2l e2 -| e ' 2 } COS4 -2 S eC ° S(2t -^ 

[3] 

~ | { * - ! | e * ~ | e <*} cos4 Y J ecos ( 2 * + *> 

[4] 

~T{ 1+ 4- e8+ i^-|^}| e ' co - 

[5] 

-"{ , -T--W*' , } CMi T$" C0,(2 '-" ) 

[6] 

+ ¥{ ,- l e2-4e ' 2 } cos4 iS e ' cos(2 * + z) 

[7] 

T 8 I 3 T 2' 2Mb, 3 

[8] 

" ¥ { ! ~ 4 e ' 2 } cos4 i S e3cos (2 ' ~ 2 *> 

[9] 

~l{l - ~e*—^e *} cos* -L a le* cos (2 1 + 2 x) 

[10] 
MDCCCXXXI. 2 M 
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Development 3 f , e 2 9 s 3,-la 8 / . , 

[»] 

T 8l 168 56 ' J 2 a, 3 ' v 

[12] 

+ ^{\„™e*-f}co^f s ee l cos(2t + x + z) 

[13] 

+ A J 1 - f! + A e * -I- y 3 ) -~- ee.cos (* - *) 

41 8 8' 2 ' J a« ' v 

[14] 

_ A / 1 - 1? e* _ *£1 cos « * «! ee cos ( 2 * - a; + *) 

8 I 24 8 J 2 a » ' v 

[15] 



21 



I 1 - li c ft - — e* \ cos 4 -L — ee.cos (2 t + x - z) 

18 56 ' J 2 a/ ' V 



8 18 56 ' J 2 a/ 

[16] 



{ i + 4 e% + 1 e ' 9 ~ J r ] % e * cm 2 * 



9^ 

8 

[17] 

"il/l- Ac*-- Hi e» 1 cos 4 -L ^! e a cos (2* -2 a) 

8 1 2 51 ' J 2a/ 1 V 

[18] 



16 a, 3 32 a, 3 oz a^ 

' [20] [21] [22] 

1 ^ [23] "' [24] ' [25] 

+ Aj?? c *e, cos (2x-z) + 1 ^~e <i e i cos(2t--2x + z) - 2 i ~e*e t co&(2t + 2x~z) 
16(1,3 [26] l a ' S [27] ^ [28] 

+ A J?! cc a C os (a; + 2 2) + ip ~ ec^cos (2 < - * - 2a) 
8 a, 3 o a, 3 

[29] [30] 

+ i. iL% e . cos (* - 2 x) - £± i!! e e ,» cos (2 t + x - 2 z) - g ~ e,» cos 3 * 

[32] [34] [35] 

- 845 ° 2 e , 3 cos (2 « - 3 «) -i-e 3 cos(2i + 3 Z ) + JL £ e* cos 4 * 
64a, 3 ' V ' 64 a, 3 ' 24 a* 

[36] [37] [38] 

+ iL f! e" cos (2 * - 4 *) - % ~ '■# cos (2 1 + 4 x) + A ^! e 3 e, cos (3 x + z) 
64 a, 3 32 a, 3 ' 32 V 

[39] [40] [41] 
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+ |5>e i cos(2 f -3 a: - g ) + |^> e/ cos(2 t -3,-,) + ^|! e 3 e(COs( 3,_ 2) DejeIo P ment 

[42] ' [44] 

- ' 1L e* e , cos (2 t - 3 a? + z) - iif — e 3 e, cos (2 * + 3 x - *) 
64 a, 3 7 64 a, 3 ' 7 

[45] [46] 

+ iL~c a c i 2 cos(2* + 2 2r) — ^e 2 e, 2 cos (2 * -™ 2 a «~ 2*) 

«j w fit i i o 

[47] [48] 

+ ^~ «»e,»coB(2*- 2*) -^ iL^'coB (2* + 2 a; -2s) + ||-iLe e< »cos (* + 3s) 

[50] ' [52] ' [53] 

+ ?^ _?! e e, 3 cos (2 i - # - 3 z) - ~ —ee.*coa(2t + x + 3z) 
64 a. 3 ' v 7 64 a/ ' 

[54] [55] 

53 tt 2 3 a <z 

+ "32" a 3 ee * C0S ^ ~~ 3 ^ + 64 a" 3 ^ *'* C ° S ( 2 * """ * + 3 *) 

[56] "' [57] 



45 a 2 



eefco&(2t + x — 3z) + :L 9 2 -^? e / cos 4 



+ ~- — eef cos iv t -t- x — a z) -t- — - e/" cos 43 

64 af § 64 a^ 3 

[58] [59] 

2453 a 2 4 ,_. . . , 741 « 2 , ,„. , . . 
— — — ; «,* cos (2 < — 4 z) + — e, 4 cos (2 f + 4 s) 

128 a, 3 ' v ' 128 a, 3 ' 

[60] [61] 

[62] [63] 

9 a 2 

+ — -~y 2 ecos(,r — 2y) 

[65] 

~ «~ "^ y a ccos(a?+ 2y) + — ~y 2 ecos(2*-a/-- 2y) 

[66] [67] 

3 a 2 9 « 2 

+ -^ — y 2 ecos(2*4-# — 2y) — -— — y* c ,cos (z — 2y) 

o Xl^ 1 Cti 

[69] [71] 

" _ T6^3y 2e ' C0S ( 2 + 2 2') -js~^r* e i cos ( 2t - z - 2 y) 

[72] ' [73] 

+ ^—3 y 2 e ( cos (2 * + z - 2y) - H iL y 2 e 2 cos (2a - 2y) 

[75] i77-\ 

2 M 2 
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Development _ 3 £ ^^ {2x + 2y) + | rf ^^ (2 , _ 2a , _ 2y) 

' [78] ' [79] 

+ g^y 9 e»cos(2* + 2*-2y) + § ^y 2 ee,cos (* + * - 2y) 

[81] ' [83] 

9 ft' 2 21 a 3 

™"T7 ~7 2ee / C0S + * + 2 2/) + 77— 3 y 2e ejC0s(2$ — a? — * — 2#) 

A O ft j ■» '* t*i 

[84] [85] 

- ^ ^5 7 2 ee ; cos (2 t + x + z - 2y) + ~ — ; y *ee,cos (* - z - 2y) 

[87] "' [89] 

— ~ — y 2 e e, cos (a? — a? 4- 2 z/) — — — - y 2 e e, cos (2 t — x + & — 2 
1 6 a, 3 16 a/ 2 

[90] • [91] 

21 a 2 
+ ttj --^ y 8 e e, cos (2 * + a? — z — 2y) 

[93] 



[95] ' [96] 

-^|5y 2 ^cos(2i-2 S -22/)+^- a 3y 2 ^cos(2<+2^2t,) 

[97] ' n [99] 

3 f 1 1 1 P /y3 * 1 5 /7 s 

-|{l + 3-. + 3..-ii y .}^ eos. + T |± e cos(*-«) 

[101] ' [102] 

[103] [104] [105] 

- ?3 1*L e* cos (t - 2 x) + ^-~e^cos(t + 2x) + ~ ^ee.cos (( - x — z) 
64 a, 4 v 64 a,* 16 a, 1 ' 

[106] [107] [108] 

3 a 3 15 a 3 9 a 3 

+ Y^-jCCyCOS^ + a + g) + -^-iC^cosC* — a?+ «) + — — 6^008(4 + aj — z 

1 ft , 1 ft^ 10 fl^ 

[109] [HO] [HI] 

~ '^r -* e ? cos c - 2 *) -§^> (* + 2 *> - ^ 5 y 2cos (*- 2 y) 

64 a.* ' 64 a/ lo ft, 

[112] [113] [114] 



sin* -i- cos (* + 2y) - !- { 1 - 6«» - 6e,« - J- r 2 } 4 cos3 * 

2 o L 4 j d/ 



15 ft 3 _.„ * 

32ft^ 

[115] D16] 



/y3 

* For the coefficients of the terms multiplied by _ see p. 39. 
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[117] ' [118] . ' [119] 

+ _|- 4 «,coa(3t + 2) -2g> ^ e " cos ( 3 *~ 2a - S 4 * 2 cos(3* + 2a) 
8 a/' 64 a, 4 ' 64 a * 

[120] [121] [122] 

ttt ~ee i cos K St — x--z) + T ~^Lee i cos(3t + x+z) 

16 a/ 16 a. 4 

[123] [124] 

45 a 3 , . , x 75 a 3 /0 . , x 

— r?-z ce.cosfS^ — x -f- z) — Vtt— r-e e, cos (3 £ + a; — 2) 
16 a? 16 a 4 ' 

[125] [126] 

-^^^cot(3«-2«)-^^e/ooB(3« + 2«)-g^^c«(3«-2y) 

[127] ' [128] ' [129] 

In the elliptic movement ; 

.5 = ysin (gX — y) 

5 
A = «£ «f 2esinx 4- — e 2 sin2x 

4 

s = y (1 — e 2 )siny «f yesin(# — y) + yesin (x + y) + y -£- sin (2# — ?/) + JL ye a sin (2#-f y) 

[146] [149] [150] [161] [162] 

,s 2 =21 — 2L(1 — 4e 2 )cos2y + y 2 ecos(# — 2y) — y 3 e cos (x -f 2y) 

[62] [65] 1661 

+ A y2e«cos(2^ — 2y) — A y 2 e 9 cos (2 x + 2 y) 

im [78] 

[146] [149] [150] 

^^%In(2^y) + ^!sin(2x + y) 
[161] [162] 

[146] [149] [150] 

* This quantity 2, which is one of the rectangular coordinates of the moon, must not be confounded 
with 2 = n, * — &! 5 this latter quantity should rather be a?,, but I think it better to conform as far as 
possible to the notation of M. Damoiseau. 



2*: 
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+ £f S i„ (2* - y) + ¥ It sin (2x + y) 
[161] [162] 



S -T ={(»- e2 K + f r,}X8iny-{(l-*»)^- + |r s -?^r 4 }X«n(2<-y) 



[146] [147] 



+ |(i _ *) £ --Jr 4 + ?|!r,}g8in(2« + y) + ^i> sin (* - j,) 

[143] [149] 

+ |i eyB in(« + y)+ {-^.-?Il}g S in(2<- J ;_ 2 ,) 

[150] [151] 

[152] [153] 

+ { 2- + T ri } 3 Sb (2 ' + x+9) + 2* si " (z ~ y) + W sin (z + y) 

[154] [155] [156] 

_^.in(2*-*-y)+^8b(2«- 8 + jf)-Msiii(2l+*-y) 

[157] [158] [159] 

+ {-^-|^-^ 6 n}ysin(2 i -2,-,) + {f-^-^}5 S in(2 i -2, + ,) 

[163] [164) 

+ {- r i + J+ft}$ frin ( 2 '+ 2 *-») + {^°+ ? f 4 +n''}$- ! »( 2 '+ 2 *+») 

[165] [166] 

+ {_^ + i}f^ri 1 ,(« + .-,) + {^ + 5ji}f^ «.(, + * + ,) 

[167] [168] 

+ {-T+T-f '«}*-? *>(*«-* — !»+ { r f + ^}^sin(2 t -,- 2+ ,) 

[169] [170] 

(171) (172) 

(173) (174) 

+ |_^_| r J^ i Z s in(2*- a;+ ,- 2/ ) + {^-|}^sin(2 i -, + z + 2 ,) 

[175] [176] 
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~ r -^ysm(2t + x-z-y)+ {^ + -?-r,}SSQ'ain(2* + *-«+.y) 

[177] [178] 

- r M e ^sm(2z-y) + r ^?&sin(2 Z + y)- r f e lfsmi2t-2z-y) 

[179] [180] * [181] 

[182] [183] [184] 



m 



,z m.ay /. , 3 „ e 2 \ « . 3m, aye • , x , m,av • , , ■. 
L. — _i — L (1 + c « — \ sin « + — t— i- sin (# — a) + _J — i sin (a; + «) 

r 3 a, 3 \ 2 ' 2/ y 2a. 3 v v; 2 a? K *' 

[146] [149] [150] 

_ ' f ' si" (« - y) + — ■£-- p sin (* + y) LJL_ sm (2 * - y) 

* a. J A a? o a/ 

[155] [156] [161] 

+ SjW? s in { 2 x +y) + ^^sin(,+ z-^)+ 3 J^l^sin(, + Z + ^) 
ofl/ 4 a, 3 4 a^ 

[162] [1671 C 168 3 

[173] "' [174] ' [179] 

, 9m,aye, 2 . /n , x 
+ --LJL-L m (2 z + y) 

[180] 

^ = 1 + |- e Q + 3 ecos# + JL e*cos 2 a? 
r J 2 2 

r being the elliptic value of r. 

If « = ay z 146 sin y + a y * l47 sin (2 * — y) + a y z l48 sin (2 * + y) &c, 

[146] 

+ { + ■¥) Zi47 + ¥ * ,m + ¥ * ,m } J sin i2t ~ y) 

[147] 

+ \l l + -2-) 2 i4s+ "2-Z152+ -2-z 15 4J~sin(2< + ^) 

[148] 

* This multiplication of z by r**"" 3 may be effected at once by means of Table II. 
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«f \ 2 



{ 



r | „, 



i46 j^- sin(a?— y) + jz 150 + — z H6 1 ijL sin (a? -f y) 
[149] [150] 

{«i5i + |-^4 7 }^|sin(2«~^~^) + |z 152 + -|- * l48 } — sin (2t-a? + y) 

[151] [152] 

{ z us + y Zl4 7 } ^ sin (2 t + a? -- y) 

[153] 

{-i54 + |- *M8 } ^ s^ (2 1 + a? + y) + z lbb e jl sin (* - y) + z m e jjt sin (* + y) 

[154] [155] [156] 



+ < * m + -« * 



149 ~~ X" ^146 



"T* 






JJ sin (2 x - y) + |z 162 + -| z 150 + 4 z '« } 9 Si " (2 * + y 
[161] [162] 

|*i6s + -j *isi + -| z l47 } ^ si n ( 2 * - 2 x ~ V) 

[163] 

1*164 +-|" z m+ -|"Z I 4 8 }^|'sin(2<-2a! + y) 

[164] 

+ {*i65+ -|*i53+ -| z w \ e ^-sva{1t + 2x-y) 

[165] 

[166] 

{*167 + 4 2 '"} ^ ^ (*+*-?)+ J 2 ' 68 + l" Z ' 56 } ^ Si " (* + * + ?) 



+ < *i66 + -| *u4 + -| *i4 8 } ~f sin (2 < + 2s + y) + &c. 






"T 






[167] [168] 

1*16, + 4 *iw} ^Jr sin C 2 * - * ~ * ~ V) + {*Ho + -| *i5s} ^ si" (2 * -* - * + V) 

[169] [170] 

{ z. 7 i + f- *.5 9 } ^ sin (2 « + c + 2 - y) + |z m 4- -|" *'» } ^Jr sm(2t + x + z + y) 

[171] [172] 

{ *>73 - |- z.se} ^2f sin (* - s - y) + {z w - -|- * lM } ^ sin (* - * + 2/) 

[173] [174] 

1M }i$lsm(2t-x + z-y) + { gm +lz M }?3& an(2t-x + * + y) 

[175] [176] 

{*i77 + |- *i5 7 } ^-Jr sin (2 1 + * - * - y) + { * w + 4 z ' 68 } ^-Jr sin < 2 ' + * - * + y) 

[177] [178] 



{ 



T* \ z i75 T TtT Z 



3^ 
2 
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z 



s = — nearly, 
r 



{zi46+ ~*i5o + |-2i4 9 jrsin^ 



+ {z 



| *i47 + |- *i5i + ^ ^i5 3 j y sin (2 * - y) 

{ *148 + -J *15* + ~ ^154 J 7 Sln (2 < + Sf) + &C. 



d a % , {*.« _^ m / 2 

{r 2 -2rr cos (A -A) + r, 9 F 

Neglecting the square of the disturbing force 



- d^.r^.i- 



df 2 
d^ 



« jw, s m, * , 3 m ( zrr cos (A* — A) __ ~ 



dA 



* r 2 r 2 </ \dA7 

Integrating the equation of p. 270, line 9, by the method of indeterminate 
coefficients, neglecting the cubes and higher powers of e in order to ob- 
tain a first approximation, m being equal to ^ as in the notation of M. Da « 
moiseau ; 



m 
"'-2 



Mi{, + i«. + 4«,.-| y ,} = „ 



4 (1 - m)» { (1 + 3 #) r, - ^ {r s + r 4 } } - r, 
MDCCCXXXI. 2 N 
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2f*a,4 2 2 ' 2/ ll-m + J 



3 






3 m. a 3 A 

& J 2 j* a 3 



(2 -3»)«r 6 -r *S£{ *-+l\ =0 

4 ju, a, 3 L 2 — 3 w* J 

/« \o , 3 m, a 3 f 2 . ,1 A 

(2 — m)*r 7 — r 7 + — — ' _ < — h 1 > = 

K / 7 ' 4 p a 3 L 2 — rn J 



4 ( .{(i:-3>„)r.-|- + »r„}-r. + 'L±=0 



C jj+1>=0 



»-»-+'"-{'--T'.}—-T?${rli^+'}- 

I 2 J 4 ju, a, 3 L 2 — 3 m — c J 

/ v> f 3 1 , 3 m, a 3 f c ,,1 A 

/n \o f 3 1 9 m, a 3 f 2 — c , , 1 « 

* The letter c does not strictly denote the same quantity as in the notation of M. Damoiseau, or in 
that of the Mathematical Tracts, p. 33. 
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(2-3m + c) 2 


(r 16 ~— r 6 j- 


-r w — j 


4m 2 r 17 — r 17 — 


9 m, a s _ « 
4 jx a^ 3 "" 




(2 — 4m) 2 r ls - 


51 ^ a 3 
Tl8 4 ~paf 


( 2 


L2 — 4m 



2 + c +1 



3m -f c 



}.. 



4 r lg r 19 = „ 



The equation for determining z may be integrated in the same way. 

- g 2 *i46 + 3r + z 146 + ?^ ~ = 

- |2(1~1») — g j'%147— Y" 1 + Z 147 = 



- j2(l -m) +g| « 148 + 



^+*!48 = 



{c-g} *l« + f '« + *!«- Y*I45+^=Ji = 



2 3 3 .. -J^fl 3 

'149 T TT T 6 + Z 149 



f I 2 ,9 , ,3 . m, a 3 n 



_3 
2 



Z 147 — " 



-_ Z l48 — 



_ 1 2 (1 - m) - c ~-g} % 47 + 3 { -?Ii - -J-} 4- '* 1M + 
-|2(l-i»)-c + g}% 148 + 3{-^- + ^}+z lM +|-« 148 =0 

— J2(l-wi) +c+gj\ 150 + 3|-jr 1 + 3 J + * 154 + 

f 1 2 , 3 3 m, a 3 A 

— < m — g > z l5l -f — r 5 -f z 155 — _— i — - = 

I ° J 2 5 155 2^ a y 3 

f , I 2 ,3 , , 3 m, a 3 n 

L J 2 2p a, 3 

_ j 2 (1 — m) - m -g J 2 z 153 - -^- r 6 + z lbl = 

— J2(l~ m) — m + g\ z 1H + — r 6 + z l5B ~0 

f 1 2 3 

-|2(1— ro)+m-gj *i5*--2 r 7 + z i59 = <> 
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2 3 

+ m+g} z m + _. r 7 + z 160 = 



d t r 2 r s r r 4 
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2 2 



+ 2 r W + — v - ° sin a? + - — A^L_oz S m 2 
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x 
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»2_ /> 3. 
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9e s 
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sin 2 t 



+ \ 2 1\ -{- e 
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sin (2 t — x) 



sin (2 t + #) 



, 2r 5 . 
4- — - sm 2 
m 



. J 2 r fi + -7- — — c — ' —\ j^ r- sin (2 1 - z) 

^ \ 6T 4(2-3}n)^fl/J (2-? A v 



3 m) 



+ 



|2r 7 - 



3 m. 



4* (2 — m) /& a 



— 1 £l__ sin (2 * + *) 



m) 



-f "{ 2 r y + r 
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1 m, a 3 1 



>2 
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2 (2 — 2 wi + 2 c) 2 (2 — wi -f c) 
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-M 2 r 12 4* r t 
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*T ] * ^13 "T r q — 
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sin (2* -}- # +2) 



Considering the terms which depend on the square of the disturbing force 



d 2 .r 2 
2dt 2 
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d ci . r 3 _ r , 

_____ ___„ + _ 2 ^ ^ 

^ 2z 4. f ltz j r wl i z -_ 3m ( zr r cos (A' — \) ___ ~ 



(t. IV 

V____Z. __.+ _ + 2 /dH + r^^O 

di 2 r a y \ d r / 






dx; 

d* 



d ii = the differential of 2?., supposing ^ £ only variable + the differential of R, 
with regard to n t t only in as much as it is contained in the terras in 
r, X and s due to the perturbations ; hence 

d R = the differential of R, supposing only n t variable + j^s . d . § r v + -^ d . § X K 
+ j^ d .cJs; d . 8r\ d . <5A., and d . &$, being restrained to mean the 
differentials of those quantities with regard to n t t only. 

(* being used in the sense nt — n t t.) (^p) ^ s ~ j~i sds nearly. 

d .r § jr, d . §X V and d . §5 being restrained to mean the differentials of 
those quantities with regard to njt only. 

V dr / dr x dX v ds 

da r dt ds 



/dR\ (*J*\ (—\ ( d ~\ 



da r x dt ds 



3 * 
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A similar theorem exists with the quantity § . -^ 9 and it will readily be seen 

that all the developments IR, h.r (-57)* &• (dxv a]Q d &• ( ^7) maybe effected 
very easily by means of Table II. 

Similarly, if V denote the variation due to the disturbance of the earth by 
the moon, 

«— ^.(«)„,.|-d.Q,», 

In d R the terms which arise from 

are multiplied by the small quantity m. 

Considering in r N ( ^ J and J? the terms multiplied by™ 

considering the terms multiplied by~ 4 , 

Hence the value of r N (j?) and I . r N (-^ j may at once be inferred from R 

and X U. 

I reserve the formation of these developments and of the final equations for 
determining the coefficients of the different inequalities to another opportunity. 
These equations are voluminous when all sensible quantities are taken into 
account ; but they are formed with so much facility by means of Table II., that 
error is not likely to arise in this part of the process. Error is more, I think, 
to be apprehended in the terms of R multiplied by the cubes and fourth powers 
of the eccentricities ; the rest have been verified by an independent method. 
See p. 39. 
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On the Precession of the Equinoxes, supposing the Earth to revolve in a resisting 

medium. 

In my last paper on Physical Astronomy, I gave expressions for the varia- 
tions of the six constants which enter into the solution of this problem, upon 
the hypothesis that the body revolves in a medium devoid of resistance. 

If we suppose a plane to revolve in a resisting medium, about an axis per- 
pendicular to itself, the resistance of the medium can produce no effect, and 
the phenomena will only be modified in a slight degree by the friction of the 
plane surface against the medium, If, however, the inclination of the plane 
on the axis of rotation differs from 90°, the effect of the resistance of the 
medium becomes sensible, tending to retard the motion of the plane; the 
effect being greatest when the axis of rotation is parallel to the plane. 

This principle is used in some machines, as in self-playing organs, to regu- 
late the motion by means of a vane, of which the inclination to its axis of rota- 
tion can be varied at pleasure. 

In the case of a sphere, whatever be the direction of the axis of rotation, this 
effect of the resistance is insensible ; and also in the case of a solid of revolu- 
tion when the axis of rotation coincides with the axis of the figure, but not 
otherwise. If the difference of the latitude of the axis of rotation from 90° 
(supposing the equator from which the latitudes are reckoned to coincide with 
the equator of the figure) be at any time small, the mathematical investigation 
appears to show, that the effect of the resistance of the medium is to diminish 
continually this difference. In the case of the earth, this quantity is now 
insensible; but as the probability is small that this was the case in the 
first instance, may this circumstance arise from the resistance of a medium 
of small density acting for a great length of time ? and can the change of 
climate on the surface of the earth, a change of which the probability is in- 
dicated by many geological phenomena, be explained in the same manner ? 
It may be remarked, however, that the effect of a resisting medium in dimi- 
nishing the eccentricities of the orbits of the planets is of the same order, and 
that these, although for the most part small, are far from having reached zero. 
The tendency of a resisting medium is also to diminish the major axes of the 
orbits of the planets '; these effects, if they exist, will probably be most sensible 
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in the case of comets, not only on account of their great eccentricity, but also 
on account of their small density, in the same manner as a flock of any light 
substance is wafted by the gentlest wind and prevented from reaching the 
ground. The eccentricity of the orbit of the comet of Halley in 1759 is 
known with great accuracy, and as its perturbations have been calculated with 
great care by MM. Damoiseau and de Pontecoulant, the eccentricity which 
it should have in 1835, when it will again visit this part of space, unless it be 
affected by a resisting medium, is also known with great precision. It is 
scarcely probable, however, that any change will be perceptible in one revolu- 
tion, even if the cause exists ; but the succeeding revolutions of this body will 
no doubt throw light upon this question. The ratio of the change of the semi- 
major axis to the change of the eccentricity, due to the action of the resisting 
medium, is known, being a function of the eccentricity, and independent of the 
constant, which depends upon the density of the medium ; this ratio therefore 
may also tend to elucidate the question, if it can be determined by observation 
with sufficient accuracy. 

Let x\ y, z' be the co-ordinates of any point P corresponding to the elemen- 
tary portion of the surface d#, and referred to axes passing through the centre 
of gravity and revolving with the body in motion. 

Let P be the point of which the co-ordinates are af> y\ z' 9 A P the direction 
of the normal at the point P, B P perpendicular to the axis of instantaneous 
rotation, and cutting it in B, and C P the direction of motion of the point P. 
I suppose the resistance of the medium to create a force proportional to 
v 2 cos A P C d s, acting in the direction of the normal A P upon the point P, v 
being the velocity of the point P. 

Suppose the straight line MO PL to : N 

revolve about an axis passing through O, -tm~~~ — — o~ ~l 

* 

and perpendicular to it, and in the direc- : . R 

tion L N, the action of the resisting medium will be in the direction N L 5 on 
one side only of the line O L, upon all the points P between O and L, and 
upon all the points between M P it will be in the contrary direction R M, and 
on the other side of the line. 
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Now, let L S M T be the section of a 
cylinder revolving about an axis, passing 
through O perpendicular to the plane 
LSMT 3 and let the cylinder revolve in 
the direction LN. The action of the 
resisting medium will be in the direction 
Z P, perpendicular to O P upon all the 
points P between LS; and in the con- 
trary direction KP upon all the points, 
P between T M. These remarks show that in what follows, the integrations 
must not be made throughout the whole surface of the body revolving : this 
consideration however does not affect the nature of the results. 

The equation to a plane perpendicular to the axis of rotation, and passing 
through the centre of gravity of the body, is p x + qy + r z = 0. 

Let the body revolving be a spheroid of which the equation is 

x* + y 2 + s 9 (1 + e 9 ) = a 9 (1 + e 2 ) 

The equation to the tangent plane to the spheroid at the point x> #, % is 

xx f + yy f + zz' (1 + e Q ) = a 2 (1 + e 2 ) 

The equations to the planes from whose intersection the line P B results, are 

*z(qz f —ry 1 ) + y (r x f — pz f ) + z (py f — qx f ) = 
px + qy + rz = D 

D being a constant. The equations to the line P C are 

x{r(qaf — ry') -p(py f -qx f )} + y {r (rx f - pz f ) - q (py 1 - qx')} = 
x{q(q*' — ry f ) —p(rx* —pz')} + z {q(py' — qx 1 ) — r (rx' —pz f )} =0 

and neglecting p 2 , # 2 , p q, 

x (qz f — ry r ) =y (pz f -—rx f ) 
x(qy ! +px') =a (pz f — rx f ) 

The equations to the direction of motion of the point P are 

xipsf — rx f ) = y(ry f — qr f ) 
x (qx f — py') = a (ry f — q z f ) 

Cos . angle, which the direction of motion of P makes with the normal to the 
surface or cos A P C 

x t { T y' - qzf) + tf (P z ' -±^1 +JlJ± ±fl (jJ^ZM!) 



- V {(ry f -qz f )*+(pz'~rx f r + (qy-px f )^J{x f * + yi* + z f Hl + 2e*)} 

* The notation is the same as p. 20, except that the accents at foot of x it y i9 z l are omitted, 
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= «** f (9*'-py') n ea r ly. 

The resistance acting in the direction of the normal, and since the velocity 
= JaP + y (2 J (P 2 + f + *' 2 ) nearly; 

Cdr = 

^dr^C-B^rd^d*/^'^ 1 *^-*^^^ 

jf A A 

wdfe 4 / V 2 f2 (qa?—p y') vV g + y' a d $ 

cos £^(nf + y )dc-c (C ~^ ) 8ing-=J( w < + y)dy 



*x f y f z^ VV a + y'*d$ 



_ ndt^ fy f z f % (qx f ~py f ) j/ag ±J^jj 
~~ A J ' {** + y' a + s fa } 

since /V» s f2 d $ = /V fl z'* d $ 
neglecting the term which is periodic-, 

€ ~~ nC A J {** + y ,a +*' 8 } 

T f- P^^Wsf 9, ± y ,% ds _ D 
L,et y {** + y'» + *' 9 } 

I> being a positive quantity. 

i 
a c = - nDc f At e c = wP /J, e being the base of Naperian logarithms. 

A A " 

When t is infinite c = 0; hence the latitude of the axis of instantaneous rota- 
tion increases until it reaches 90°, which is its limit. 

Having determined the variations of c, y and n by means of the above equa- 
tions,, the variations of the other constants v, %£ and (p Q may be determined 
from the equations 

p d t = sin <p sin t d ty — cos <p d 
g d £ = cos f sin d ty + sin p d 
rd£ = dp — cosSd^ 



